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Abstract. Space groups in two dimension arise from the commutative translation group Z? and
its automorphisms in GL(2, Z}. From the free group F; and its automorphisms we construct 17
non-commutative groups and their homoemorphisms to the 17 space groups with commutative
translations.

1. Introduction

Any crystallographic space group G in 2D acts on the plane R? and admits a translation
group with two commuting and independent generators. The translation group is isomorphic
to Z2. The transversal {set of orbit representatives) of the action of the subgroup Z% < G
on R? is the unit cell R?/Z? which, upon appropriate identification of the edges, becomes
the torus. The two generators of Z2 generate the homotopy group of the torus.

A non-commutative scheme is obtained if the translation group Z? is replaced by the
free group F, with two generators {xi, x»). In the context of non-commutative geometry
with operator aigebras proposed by Connes [1], the action and group algebra of F3 have
led 1o the notion of a ‘guantized torus’, of Effros [2] and [1, p340-7]. Note that this differs
from the concept of a quantum group which involves a deformation parameter.

In crystallographic terms, the group Z2 associated with the torus is denoted by P1. We
denote its non-commutative generalization associated with the quantum torus by P1 = /2
and look for other non-commutative space groups. We construct groups which

(1) admit an at least two-generator subgroup of 7, and
(2) admit a homomorphism to one of the 17 space groups of 2D crystaliography.

2, The automorpﬁisms of the free group

‘We shall work with elements and subgroups of Aut(F,) and its action on F,. Nielsen [4]
showed that Aut{F,) is finitely generated. We shall use the involutive generators and the
subgroup relations given in [3]. For general n, the group F, is isomorphic to Inn(F,).
We denote by (T}, T», ...} the images in Aut(F,) of the generators (x(, xs,...) under this
isomorphism and interpret them as non-commutative translations. There are no finite-order
elements in Inn(F,), so we must Jook for them in the cosets. A method for finding the
elements g € Aut(F,) of finite order is described by McCocl {7]. For H < Awt(F,) of
finite order, we can construct the semidirect product subgroup (Inn(F,) x; H) < Aut(F,)
which we call a symmorphic NC space group. The relation to crystallographic space groups
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is governed by the two homomorphisms
hom;: F,—= Z7
hom;: Aut{Fy)— GL(@n,Z).

Given' an element of F,, that is a word w{x),xy,...), its image under the
Abelianization hom,; is found from the power sums (n,(w), n2(w),...) of the generators
X1,%2,... in w. An automorphism ¢ € Aut(F;) is specified by giving the images
nlxr, X2, .. ), 2061, X2, .-}, .... We compose automorphisms according to Nielsen [4].
The image of ¢ under hom; is an 7 x r element from the matrix group GL(n, Z) whose
entries are the power sums. In what follows we consider n = 2, 3.

3. 17 non-commutative space groups

The homomorphism hom; allows one to search for preimages of the space groups in the
plane. A candidate for a non-commutative space group found in this way will be denoted
by G < Aut(F,). The 17 space groups in the plane were described in terms of sets of
generators and relations by Coxeter and Moser [B]. We construct a preimage G for each
space group G, with the same set of generators as Coxeter and Moser. The relators R
are checked within Aut(F) and fall into two classes: relators R; equal to unity both in
G and in G, and relators Rz, equal to unity in G. The pairs of space groups are then
G ={..[R1)and G = {...|Rq, Ra), respectively. The relators R, determine in G the
kernel ker(hom) <1 G of the specific homomorphism hom: § — ¢. We show that the
relators Rz can always be reduced to the commutator K ({(T1)%!, (T3)=), even if T, Tz do
not belong to the non-commutative translation group of G. Any space group & is now a
factor group
G = G/ker(hom).

We give the 17 space groups in the order and notation of the International tables [9],
For each group we first give alternative sets of generators {(a), (b),..., as in [§], with
some changes of notation to avoid symbols used for Aut{F,;). We use alternative sets of
generators to display representative elements for each space group. Under (hom)™! we give
in the next row a preimage in Aut(Fz) for each generator, compare also section 4. Under
R we give the relators R = (R, Rz). In the row that follows we give under ker for the
relators R their expressions in Aut(F;). They determine elements of infinite order in &.

P1

(a) X Y

(hom)™ T 7" M
R xXyx-iy!

ker KN, T

P2

{a) X Y T

{hom)™! Ty ;! 0103

R T2 TXTX TYrTY Xyx-iy-t

ker KT, T,h @)
{b) U=Y¥YT U =T Uy = XU,

{hom)~! S3 Sa S

R (U)*? (Uy)? (U3 (U3

ker K(T;h T



Cm

{a)
(hom) ™!

ker

{b}
(hom)™!

ker

Plmm
{a}
{hont) ™!

ker

ker

(b}
(hom) ™"

ker

ker
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X Y R
If ! o
R? RXRX RYRY™! Xyx-ty-1
KO, T 3)
R R =RX Y
3] 0’1T1 T;l
R (R')* RYRY™! RYRY-!
KT mmh
X P
Ln Ticis
PlXPX
K(T, T) @)
P 0=PX
Tiens a3
P2 Q—2
KT, T;7Y
P 0 R
Ticis ci3 T €13
R? RPRQ™' P20
K@, 17 5)
R S=PR
€13 I
R? (SRYHRS)~?
K, T
r R R Ra
Tl_1 o3Ts oy oy
R2 (R.r)2 (Rz)z RYRY-!
R:RRaR R:YRyY RYRY™! R:R'R: R
’ K mh ©)
Ri=R R Ry =R’ R4 = R,Y
1z o a2 ho
(R1)? (R} (R3)* (Ra)?
(R R2)* (RyR3)* (R3R4)? (RyR\ )P

K(T], Tg_i)
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Plmg

{a) P 0 R

(hom)~" T ci3h m"

R R? RPRP RQORQ P2

ker KT, 7Y )
{b) Vi=PR Vo= QR R

{hom)™ ! Tieam” ci3Tym" m"

R (WY (Va)? R? (VaRV2) L (Vi RWY)

ker KT T)

P2gg

{a} P Q T

(hom)~! Tieys e;3Th cyzm”

R T? TPTQO pro-?

ker K(T1, 7Y (8)
(b} P 0 = PT

(hom)’l T1C;3 T]M”

R (POY (P1oy

ker K(h. T Y

C2mm .

{a) R; Rz R3 R4 T

(l’l()l:l’l)_1 Slm”Sl Ci3 m” S1c13.8] St

R (R1)? {R2)* (Ra)* {Ra)? T?

ker

R (RyRp)? (RaR3)*  (R3Ry)* (ReR1)? TRITRs TRTR ©)
ker KT, T,H K(, 1)

(b} R R T

(hom)™  Sim"S o 3

R (R (R T (RiR) (RiT R, TY

ker KT, T,H

P4

{a) U U, U Us S

(hom)~! S3 52515, 52518, 8 C130

R (h)* (L) (Us)? WUa)?

ker

R S4 .S'_“U4SfUr~_[ Uy UaUsls (10
ker K7L T)

{b) S TU,

(hom)~! €130] 8

R s T2 (ST

ker K, T1)
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R Ry R3 Ry R
o 3 a2 nho C13
(R1)? (R2)* (R3)? (R4)? R?
(11)
(RiR)? (RyR3)? (R3R4)? (RaRy)?
KT, TH
RRRR;  RR,RR;
R R, Ra
€13 T o ;
R? (R (R2)? (RiRoY* (RyR)? (RRy)*
K. 7Y
Ry Ry R R, S
2T o7 Loy - Toy €1301
(R))? (Ro)* (Ra)? (Re)* st
SRR (RiRn)? (RyR3)? (RiRs)*  (R4Ry) (12)
K, k@7 KT KGLTTY
R=R, §
Tioy C1301
R? S (RSTIRSY?
KM, T
Uy Uz Uz
€12C23 caenly T craen -
)y (U (Us)? U UL U
Ky, oh (13)
U U
€1aca3 eizesTh _
()’ (U ()
KL Th
i) i R
€263 el ci3
(Ul)3 (U2)3 (Ul U2)3 R2 RU}RU[ RUzRU2
K@ 1h
Ri=RU» Ro=Ui1R R3=R : ) (14)
e Ty n €13 ’
(Ri)? (Ro)? (Rs)?
(R Ry)? (RR3)  (RaRy)?
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P3lm

()] ) U, R

(hom)~ €12€23 ciacas m'

R Wy R2  RU\RU,  (UhUy)?

ker KTy h (15)
(b} h R

(hom)"‘l 13012 m”

R (th)? R? (RUTIRUY

ker KD T)

P6

(a) U] Uz T

(hom)™! c13€12 cracia Tt 5

R Wy (Y (U Up)? T2  TUTU;

ker KT mh (16)
(b) & T

(hom)y~! cyzcny S

(2 () T? (Ui T)S

ker KT 1mhH

P6m

(a) RR R R R

(hom)™! ¢2Ty €3 ez m” (a7
R (R1)* (R2)? (Rs)* R?* (RiRp)® (RoR3)® (R3R1)® RRiRR: RR3RR;
ker KT T07Y.

We check the condition (1} given in the introduction. In equation (18) we give for 13 space
groups the construction of Ty, 75 from its generators.

Pl P2 Pm . Cm PZmm C2mm

T: X . X PR y-! TRaR;

T y-t . y-! (RP)_] R'R R3T Ry (18)
P4 Pimm P3 P3iml Pilm P86 Pom

Ti: UST RaRy ()~ lUz . . wn~ ]Uz R3Ra R3 Ry

T,: S, RiR (U~ . (U™ RsRiR3R;.

It follows that the group Inn(F:) forms a subgroup of these 13 groups G. The non-
symmorphic group Pg is the first exception. Its generators P, Q are not in Inn( Fz) but yield
the four elements 77 = PQ, 1T, = PQ7), by = P7'Q, T2 = P71 Q1 of Inn(F).
These four elements generate the subgroup of words of even length in Inn{F5). Due to the
presence of the generators P, @, the same holds true for the groups P2mg, P2gg, Pdgm.
Upon Abelianization we are of course left with two, not four translations. With this splitting
into 13 + 4, ali groups G match condition (1) given in the introduction.

4, The geometric representation

We pass to a geometric representation of the space groups. It is shown in [5] that the
group Aut(F») may be lifted into an isomorphic image in Aut(F3). Upon lifting an element
of Aut(Fz) into Aut(F;) and then applying homs, one obtains a 3 x 3 block triangular
matrix representative for the space group element. In the columns of the following {19)
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we give for the generators (c23, ¢13, 01} of the lifted group Aut(F;) the images (y1, y2, y3)
of {xi, x2, x3}, each followed by the three power sums. The image under homsy is then the
3 » 3 matrix in GL(3, Z) formed from the three rows:

e €23 hom» €13 homz [43] horm;

x xx2 11 0. (@Gt 0 =1 0 (xp! -1 ¢ O

m Gl 0 -1 0 Gl -1 0 0 x 010 (19)
X3 XzX3 0 1 1_J€1x2x3 I 1 1 x5 0 0 1.

In the expressions for the space group elements we use the following short-hand symbols,
part of which appear in relation to subgroups of Aut(Fs) [5]. We express these
automorphisms as functions of the generators as follows:

- ” [ p—
€12 == €23C)3C23 g2 = C1301€13 m = o130
. 2 . —
Sz 1= (c1307) 83 1= cn3dacn3 §1 == €128z 20
1 =5% =55y

The action on ({xi,xs,x3} and the image under hom, can be computed by group
multiplication from these expressions and from (19). For convenience we give some results
of this computation:

e 5 homsy s homs, T hom.

x (! -1 0 0 x 1 00 ()lxxee 1 00

o Gl 0 =1 0 (x)'xex 01 0 x o 10 @b
x5 xixy 0 2 1 s exs =2 0.1 x%x3 0 0 =2 1.

By applying a matrix from GI(3, Z) from the left to a column formed by three vectors
{x1, X2, x5}, which geometrically represent the algebraic generators of F;, one obtains a
linear action of the space group element on the plane spanned by {(x;,x2). The third
vector can then be suppressed. The automorphisms 77, 75 under hom, are seen to map into
translations by twice the length of the vectors which represent (x, x2). In the following
figures, the two vectors have been adapted so that the torus or unit cell corresponds to
the setting of [9]. The rotation axes, and the generators of mirror and glide lines (full
and broken lines) for each of the 17 space groups, are shown on the right, with symbols

=L

Figure 1. P1 and P1.

Figure 2. P2 and P2
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Figure 3. P and Prm.

Figure 4. Pg and Pg.

Figure 5, Cm and Crm.

Figure 6. P2mm and P2mm.

R
”
- —— - —
I >‘"+"' B~
>
SR SYU S - S - P
R R
B 7z B Ee—
/
— [)' RiR, R
Ry
c:-——-—-——l
R=R Rs=R'
-- ‘ SRR e e ---p
A NCEEE $--n mefpmabempammn- p---0
Vi
R

Figure 7. P2mg and P2mg.



Space groups on the quantum torus 6413

t
e T T I
- 1
v
1
1 2 ]
t + '
I 1
1 | I |
' ' ' Figure 8. P2gg and P2gg.
RiRy RiRy Ra
4 VT '
— o— R,
RiR: RyR; :
] ' ¢
—
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Figure 9. C2mm and C2Zmm,
=T
STt
U, BS U,
Uz

Figure 10, P4 and P4.

Figure 1). Pdmm and Pdmm.

which represent typical generators and combinations from [8] and appear in the algebraic
expressions of section 3. The left-hand side of each figure gives in the same geometry the
two vectors (x;, x2), where x; starts at the end point of x;. Symbols co mark the preimages
of infinite order in G for finite-order elements in G. 7
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Figure 12. P4gm and P4gm.

U=, U
Figure 13. 73 and P3.

Figure 14. P3m! and P3ml.

Figure 15. P31m and P31m.

Figure 16. 76 and P6.
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Figure 17. P6m and Pém.

5. Conclusion

We give some comments on the results. The distribution of infinite-order preimages for the
rotation axes can be seen from the figures. We omit a comresponding discussion of mirror
and glide lines. The group P2 is the universal Coxeter group with three generators. In the
groups Pdgm, Pdgm we mark one representative glide line. In P3ml compared to the
Coxeter group P3ml, the product R R, gets infinite order. There is no element of order 6
in Aut(F,) and so the comresponding preimages in P6, P6m have order co.

If the transversals under the action of the 17 space groups on the plane are connected at
corresponding edges, one obtains the 17 orbifolds described by Montesinos [3], p 80-2. For
P1 we again find a torus, and any other orbifold admits an unfolding into an appropriate
torus. The orbifold for the example Pg is Klein’s bottle. If we extend the notion of the
guantized torus mentioned in the introduction, each of the 17 groups G provides a quantum
version of the corresponding orbifold. ‘

One field of application for non-commutative crystallography are quasicrystals [6].
Other applications, among them to the theory of dislocations, are under study.
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